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Abstract
Using a KKM-type theorem for L-spaces and L∗-KKM multifunctions, we obtain some results on the existence of fixed points
and Nash equilibria in compact L-spaces.
© 2007 Elsevier B.V. All rights reserved.
MSC: 54E; 46A; 49K27
Keywords: KKM theorem; L-spaces; Nash equilibria
1. Introduction
The importance of the Knaster–Kuratowski–Mazurkiewicz (KKM) theorem cannot be overstressed. It has proved to
be fundamental in several areas of mathematics, particularly in establishing existence of fixed points. Several versions
and generalizations in a long range of topological spaces and several applications of the KKM theorem have been
studied, e.g., in [1,4,6,8]. New versions and generalizations of the KKM theorem are created to help obtain some
kind of abstract convexities in different topological spaces. L-spaces were introduced in [2] as an alternative simpler
version of the so-called MC spaces. Using a KKM theorem in the context of L-spaces, we obtain a Ky Fan inequality
that allows us to prove existence of fixed points. Then as a direct application, existence of Nash equilibria in compact
L-spaces is also proved. Some of our results compare to those obtained in [7] for topological semilattices.
2. KKM theorems for G- and L-spaces
In this section we first present some KKM theorems for G-spaces. Then we will use these theorems to obtain
similar results for L-spaces. KKM theorems are intersection theorems that guarantee the nonempty intersection of
those values of multifunctions that satisfy a condition known as the KKM condition.
We start with the original version of the Knaster–Kuratowski–Mazurkiewicz theorem [5]. Henceforth, Δn will
denote the standard closed n-simplex.
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166 L. González et al. / Topology and its Applications 155 (2007) 165–170Theorem 1. Let Pn = [{a1, . . . , an+1}] be a closed n-simplex and F1, . . . ,Fn+1 be n + 1 closed subsets of Pn. If for
each set {i, j, . . . , l} ⊂ {1, . . . , n + 1} we have[{ai, aj , . . . , al}]⊂ Fi ∪ Fj ∪ · · · ∪ Fl,
then,
⋂{Fi : i = 1, . . . , n + 1} = ∅.
Definition 2. We call a triple (X,D,Γ ) a G-space if X is a topological space, D is a nonempty subset of X and
Γ : 〈D〉 → 2X is a multifunction from the set 〈D〉 of nonempty finite subsets of D into 2X such that
(1) Γ (A) ⊂ Γ (B) whenever A ⊂ B , and
(2) for each A = {a1, . . . , an+1} ∈ 〈D〉, there is a continuous function φA : Δn → Γ (A) such that for any subset
B = {ai1, . . . aim} ⊂ A we have φA([ei1, . . . , eim]) ⊂ Γ (B).
In case D = X, we write (X,Γ ), or simply X.
Definition 3. Let (X,D,Γ ) be a G-space. A multifunction F : D → 2X such that Γ (A) ⊂ F(A) for every A ∈ 〈D〉
is called a G-KKM multifunction.
For a more general version of the following theorem see [3].
Theorem 4. Let (X,D,Γ ) be a compact G-space. Let F : D → 2X be a closed valued G-KKM multifunction. Then⋂{F(x): x ∈ D} = ∅.
Proof. We need only to show that {F(x): x ∈ D} has the finite intersection property. To do this, let A ∈ 〈D〉. Suppose
A = {a1, . . . , an+1} and let φA : Δn → Γ (A) be a continuous function such that for any {ai1, . . . , aim} ⊂ A, we have
φA
([ei1, . . . , eim])⊂ Γ ({ai1, . . . , aim}).
(The existence of such a function is guaranteed by the definition of a G-space.) Define
Gi = φ−1A
(
F(ai)
)
, for i = 1, . . . , n + 1.
We show that
⋂{Gi : i = 1, . . . , n+ 1} = ∅ by appealing to the original KKM theorem. Let [ei1, . . . , eim] ⊂ Δn. Now,
φA
([ei1, . . . , eim])⊂ Γ ({ai1, . . . , aim})⊂ F(ai1) ∪ · · · ∪ F(aim).
Thus,
[ei1, . . . , eim] ⊂ φ−1A
(
F(ai1) ∪ · · · ∪ F(aim)
)= φ−1A (F(ai1))∪ · · · ∪ φ−1A (F(aim))= Gi1 ∪ · · · ∪ Gim.
Therefore, by Theorem 1,
⋂{Gi : i = 1, . . . , n + 1} = ∅. It follows that ⋂{F(ai): i = 1, . . . , n + 1} = ∅.
Definition 5. Let (X,D,Γ ) be a G-space. A subset S of X is G-convex if whenever A ∈ 〈D ∩ S〉, Γ (A) ⊂ S.
Definition 6. Let (X,D,Γ ) be a G-space. Let A be a subset of X. We define the G-convex hull of A, denoted by
coG(A), as
coG(A) =
⋂
{S ⊂ X: S is G-convex, and A ⊂ S}.
The following definition requires a weaker condition for a multifunction than that of Definition 3.
Definition 7. Let (X,D,Γ ) be a G-space. A multifunction F : D → 2X such that coG(A) ⊂ F(A) for every A ∈ 〈D〉
is called a G∗-KKM multifunction.
Proposition 8. Let (X,D,Γ ) be a G-space. Suppose F : D → 2X is a G∗-KKM multifunction, then it is a G-KKM
multifunction.
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that Γ (A) ⊂ coG(A). Indeed, let S ⊂ X be a G-convex subset such that A ⊂ S, then Γ (A) ⊂ S. Therefore, Γ (A) ⊂⋂{S ⊂ X: S is G-convex, A ⊂ S}. Thus, Γ (A) ⊂ coG(A) ⊂ F(A). That is, F is a G-KKM multifunction. 
Corollary 9. Let (X,D,Γ ) be a compact G-space. Let F : D → 2X be a closed valued G∗-KKM multifunction. Then⋂{F(x): x ∈ D} = ∅.
In the following, we give the definition of an L*-KKM multifunction, and later as a consequence of Theorems 3.2
and 3.4 of [2], we state a KKM theorem for L-spaces.
Definition 10. An L-space is a triple (X,D,P ), where X is a topological space, D is a nonempty subspace of X and
P = {Pa : a ∈ X} is a collection of functions Pa : D × [0,1] → D, such that Pa(x,0) = x,Pa(x,1) = a, and each Pa
is continuous with respect to t ∈ [0,1]. When D = X, we write (X,P ).
Definition 11. Suppose (X,D,P ) is an L-space. Given A ∈ 〈D〉, let A = {a0, . . . , an} be any indexing of A by
{0, . . . , n}. Define the multifunction GA : [0,1]n → D by
GA(t0, . . . , tn−1) = Pa0
(
Pa1 . . .
(
Pan−1(an, tn−1) . . . , t1
)
, t0
)
.
For A = {a}, we define G{a} = {a}. We say that a subset S ⊂ X is L-convex if for every A ∈ 〈S ∩ D〉, and every
indexing of A = {a0, . . . , an}, it follows that GA([0,1]n) ⊂ S.
Definition 12. Let (X,D,P ) be an L-space. Let A be a subset of X. We define the L-convex hull of A by
coL(A) =
⋂
{S ⊂ X: S is L-convex and A ⊂ S}.
Definition 13. Let (X,D,P ) be an L-space. A multifunction F : D → 2X such that coL(A) ⊂ F(A) for every A ∈ 〈D〉
is called an L∗-KKM multifunction.
For an example of an L∗-KKM multifunction consider the following. Let X = D = [0,1]2. For each a ∈ X define
Pa : D × [0,1] → D by Pa(x, t) = (1 − t)2x + t2a, and let P = {Pa : a ∈ X}. Then (X,P ) is an L-space. Define
F : D → 2X by F(x) = [0,max{x1, x2}] × [0,max{x1, x2}], where x = (x1, x2). F is an L∗-KKM multifunction. In
addition the L-space above contains convex sets in the usual sense that are not L-convex and vice versa.
Theorem 14. Let (X,D,P ) be a compact L-space. Let F : D → 2X be a closed valued L∗-KKM multifunction. Then⋂{F(x): x ∈ D} = ∅.
Proof. By Theorems 3.2 and 3.4 of [2] the collection of L-convex subsets in the L-space (X,D,P ) coincides with
the collection of G-convex subsets in the corresponding G-space (X,D,Γ ). Therefore the multifunction F : D → 2X
is a G∗-KKM multifunction in the G-space (X,D,Γ ). Thus by Corollary 9 we have that
⋂{F(x): x ∈ D} = ∅. 
3. Applications
The preceding results, and in particular Theorem 14 provide us with the tools for proving a Ky Fan inequality on
compact L-spaces. In turn, this allows us to prove the existence of fixed points, which we then use to establish the
existence of Nash equilibria.
Theorem 15. Let (X,P ) be a compact L-space and let f : X2 → R satisfy the following:
(i) f (x, x) 0 for each x ∈ X.
(ii) f (x, y) is lower semicontinuous with respect to y, for each x ∈ X.
(iii) For each y ∈ X and λ ∈ R, the set {x ∈ X: f (x, y) > λ} is L-convex.
Then there exists y0 ∈ X such that f (x, y0) 0, for all x ∈ X.
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W(x) = {y ∈ X: f (x, y) 0}.
For a given x ∈ X, let fx(y) denote f (x, y). We have
W(x) = f−1x
(
(−∞,0])= X \ f−1x (0,∞).
Since f is lower semicontinuous with respect to y, f−1x (0,∞) must be open and we conclude W(x) is closed valued.
Suppose there exists y′ ∈ coL(A)\W(A) for some finite A ⊂ X. Since y′ /∈ W(A), f (x, y′) > 0 for every x ∈ A.
Thus A ⊂ {x ∈ X: f (x, y′) > 0}, which is L-convex by (iii). Since coL(A) =⋂{B ⊃ A: B is L-convex},
y′ ∈ coL(A) ⊂ {x ∈ X: f (x, y′) > 0}.
This means f (y′, y′) > 0, a contradiction to (i) and we have coL(A) ⊂ W(A). Therefore W is an L∗-KKM multifunc-
tion and by our previous theorem we have that
⋂{W(x): x ∈ X} = ∅. Hence there exists y0 such that f (x, y0)  0
for all x ∈ X. 
Theorem 16. Let (X,P ) be a compact L-space. Let F : X → 2X be an L∗-KKM multifunction with nonempty L-con-
vex values. If for every x ∈ X, X \ F−1(x) is closed, then F has a fixed point.
Proof. Define f : X2 → R by
f (x, y) =
{
1, if x ∈ F(y),
0, if x /∈ F(y) (1)
and suppose F has no fixed points. Then x /∈ F(x) for all x ∈ X and it follows that f (x, x) = 0 for all x ∈ X and that
f satisfies hypothesis (i) in the previous theorem. Given y ∈ X and λ in R, we have
{
x ∈ X: f (x, y) > λ}=
{
X, if λ < 0,
F (y), if 0 λ < 1,
∅, if λ 1.
(2)
By hypothesis F(y) is L-convex for each y ∈ X and both X and ∅ are L-convex in a fundamental way. Therefore
{x ∈ X: f (x, y) > λ} is L-convex for every λ ∈ R. Thus f satisfies hypothesis (iii) in the previous theorem. For given
x ∈ X and λ ∈ [0,1), consider {y ∈ X: fx(y) > λ}. We see y is in this set if and only if f (x, y) > λ, if and only if
f (x, y) = 1, if and only if x ∈ F(y), if and only if y ∈ F−1(x). Therefore we see if λ ∈ [0,1),{
y ∈ X: fx(y) > λ
}= F−1(x),
which is open by hypothesis. In fact, for all x ∈ X
{
y ∈ X: f (x, y) > λ}=
{
X, if λ < 0,
F−1(x), if 0 λ < 1,
∅, if λ 1,
(3)
all of which are open, showing f to be lower semicontinuous with respect to y. The function f therefore satisfies the
remaining hypothesis in the previous theorem and we conclude that there exists y0 ∈ X such that f (x, y0) 0 for all
x ∈ X. However F(y0) = ∅, so there exists x ∈ F(y0), which means f (x, y0) = 1. This contradiction proves F must
have a fixed point; that is there exists x ∈ X such that x ∈ F(x). 
Notation. In the following we will at times need to replace the kth coordinate of x ∈∏Nj=1 Xj by some other y ∈ Xk
and then evaluate fk :∏nk=1 Xk → R at the result. At those times we write
fk(y, xˆ). (4)
Hence if y is the kth coordinate of x ∈∏Nj=1 Xj , then fk(x) = fk(y, xˆ).
Definition 17. Let {Xj }Nj=1 be a family of topological spaces. A point x∗ ∈
∏N
j=1 Xj is a Nash equilibrium point for
a family of functions {fk}Nk=1, where each fk :
∏N
j=1 Xj → R, if for each k = 1,2, . . . ,N,
fk(x
∗) = max
u∈Xk
fk(u, xˆ
∗). (5)
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j=1 Xj → R for each k = 1,2, . . . ,N satisfy:
(i) xˆ → fk(y, xˆ) is lower semicontinuous for each k = 1,2, . . . ,N and for all y ∈ Xk.
(ii) For each λ ∈ R the set {y ∈ Xk: fk(y, xˆ) > λ} is L-convex.
(iii) The function fk is upper semicontinuous for each k = 1,2, . . . ,N .
Then {fk}Nk=1 has a Nash equilibrium point.
Proof. For each n ∈ N let Wn : X → 2X be defined by Wn(x) =∏Nk=1 Tk,n(x), where each Tk,n : X → 2Xk is defined
by
Tk,n(x) =
{
y ∈ Xk: fk(y, xˆ) > max
u∈Xk
fk(u, xˆ) − 1
n
}
. (6)
That maxu∈Xk fk(u, xˆ) exists for each x and that Tk,n(x) = ∅ for each x follows by the upper semicontinuity of fk.
That Tk,n(x) is L-convex is hypothesis (ii). Let y0 ∈ Xk , and then let x0 ∈ T −1k,n (y0). Since y0 ∈ Tk,n(x0), fk(y0, xˆ0) >
maxu∈Xk fk(u, xˆ0) − 1n .
Since fk is lower semicontinuous at xˆ0, given any ε > 0 such that ε < fk(y0, xˆ0)− (maxu∈Xk fk(u, xˆ0)− 1n ), there
exists an open neighborhood
∏
j =k Uj of xˆ0 such that for every x ∈
∏
j =k Uj ,
fk(y0, xˆ0) < fk(y0, x) + ε2 . (7)
Moreover, we also have
fk(y0, xˆ0) − ε2 >
(
max
u∈Xk
fk(u, xˆ0) − 1/n
)
+ ε
2
. (8)
Since fk is also upper semicontinuous, xˆ → fk(y, xˆ) is continuous at xˆ0 for each y. It follows that xˆ →
maxu∈Xk fk(u, xˆ) is continuous at xˆ0 as well. Hence there exists an open neighborhood
∏
j =k Vj of xˆ0 such that
for every x ∈∏j =k Vj ,∣∣∣max
u∈Xk
fk(u, x) − max
u∈Xk
fk(u, xˆ0)
∣∣∣< ε2 . (9)
Let x ∈∏j =k Uj ∩∏j =k Vj . Then by (7)–(9) above we have
fk(y0, x) > fk(y0, xˆ0) − ε2 > maxu∈Xk fk(u, xˆ0) −
1
n
+ ε
2
> max
u∈Xk
fk(u, x) − 1
n
.
Therefore x ∈ T −1k,n (y0) for every x ∈
∏
j =k Uj ∩
∏
j =k Vj . Thus T
−1
k,n (y0) is open and we have that X \ T −1k,n (y) is
closed for all y ∈ Xk. By the previous theorem each Tk,n has a fixed point and therefore for each n their Cartesian
product, Wn, has a fixed point, xn ∈ Wn(xn). Since X is sequentially compact we will without loss of generality say
xn → x∗ ∈ X.
For every n ∈ N, let xn = (yn, xˆn). Then yn ∈ Tn,k(xn) and for all n we have
fk(yn, xˆn) > max
u∈Xk
fk(u, xˆn) − 1
n
.
Since f is upper semicontinuous and xn → x∗,
fk(x
∗) lim sup
n→∞
fk(xn) = lim sup
n→∞
fk(yn, xˆn) lim
n→∞
[
max
u∈Xk
[
fk(u, xˆn) − 1
n
]]
= max
u∈Xk
fk(u, xˆ
∗),
for each k. Thus x∗ is a Nash equilibrium point for {fk}Nk=1.
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